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Abstract 
Quantum teleportation opened the realm of quantum information, 
such that a two communicated sender and a receiver ’’Alice and 
Bob” can teleport an unknown quantum state in between. Conse-
quently, computation on the qubits has become feasible. In this 
paper, we propose a teleportation model to teleport a multivariate 
Boolean function based on the integration between teleportation 
protocol and the extended Deutsch-Jozsa algorithm. The pro-
posed model uses the teleportation protocol to teleport the multi-
variate Boolean function through an unknown qubit from Alice to 
Bob. Then, it uses the extended Deutsch-Jozsa algorithm to de-
code the class of teleported function among 2n possible classes.
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1. Introduction 
Information processing on quantum systems is one of the most promising topics in 

quantum technology era (Farouk, A., Zakaria, M., et al., 2015; Nagata, K., Nakamura, T., & 
Farouk, A., 2017; Zidan, M., Abdel-Aty, et al., 2017, November; Batle, J., Ooi, C. R., et al., 
2016; Nguyen, D. M., & Kim, S., 2019; Nguyen, D. M., & Kim, S., 2019; Sagheer, A., Zidan, 
M., & Abdelsamea, M. M., 2019). Recently, correlations in quantum mechanics can be shown 
via three aspects: entanglement, discord and geometric discord. Entanglement is one of the 
main resources for quantum communication which performs teleportation (Luo, Y. H., Zhong, 
H. S., et al., 2019), and solves some of quantum computing problems (Zidan, M., Abdel-Aty, 
A. H., et al., 2019a; Zidan, M., Abdel-Aty, A., et al., 2018; Zidan, M., Abdel-Aty, A. H., et al., 
2019b). Quantum teleportation is a powerful tool to exchange quantum information between 
two partners separated in a huge distance in the universe (Xu, P., Ma, Y., 2019; Ren, J. G., 
Xu, P., et al., 2017; Nagata, K., Nakamura, T., & Farouk, A., 2017).  

Teleportation protocol of unknown qubit was first proposed theoretically and realized 
experimentally later (Ren, J. G., Xu, P., et al., 2017) . Then many researchers proposed 
additional protocols to teleport multiple qubits (Chou, K. S., Blumoff, J. Z., et al., 2018). 
Recently, teleportation of quantum gate was proposed. However, teleportation of a 
multivariate Boolean function still open research problem. In this paper, we propose a model 
for teleportation of a multivariate Boolean function between Alice and Bob. Alice encodes 
and teleports an Oracle 𝑈𝑈!which contains some multivariate function 𝑓𝑓:	{0, 	1}" → {0, 1} 
through the teleportation protocol to Bob. Then, Bob decodes the teleported function via the 
Extended Deutsch-Jozsa algorithm to one of 2n classes. 

Section 2, summarizes the quantum teleportation protocol and the Extended Deutsch-
Jozsa Algorithm. In Section 3, the proposed protocol for decoding a teleported multivariate 
Boolean Function based on the Extended Deutsch-Jozsa Algorithm is explained in details. 
Section 4 is devoted concludes the main findings of the paper. 

 
2. Methodology 
2.1. The Extended Deutsch-Jozsa Algorithm 
Here, we proceed to summarize the Extended Deutsch-Jozsa (EDJ) algorithm which was 

proposed based on the computing model that is explained. For an oracle  𝑈𝑈! which encodes 
some unknown Boolean function 𝑓𝑓:	{0, 	1}" → {0, 1}. There exists, 2n possible different 
classes can be generated from n Boolean variables. Each class label d1 contains 

#!!
%"!(#!'%")!

possible Boolean functions. The algorithm that classifies a given Boolean function 
via an Oracle 𝑈𝑈! to one of 2n classes is the EDJ algorithm compared to original Deutsch-
Jozsa algorithm. which classifies only 2 classes (balanced class and constant class). The 
steps of EDJ algorithm are as follows: 

Register preparation: initialize the two quantum registers as a tensor product of a register 
of size n qubits, |𝜒𝜒⟩ = |0⟩⊗", and two ancillary qubits	|𝑛𝑛𝑛𝑛⟩ = |00⟩.  Therefore, the state of 
the system is as follows: 

|ζ*⟩ = 	 |𝜒𝜒⟩ ⊗ |𝑛𝑛𝑛𝑛⟩ = |0⟩⊗" ⊗ |0⟩⊗# 
|ζ+⟩ = 	𝐻𝐻⊗"|𝜒𝜒⟩ ⊗ 𝐼𝐼⊗#|𝑏𝑏𝑏𝑏⟩ 
|ζ#⟩ = 	𝑈𝑈!|𝜒𝜒, 𝑏𝑏⟩ ⊗ 𝐼𝐼|𝑛𝑛⟩ 

Repeat the steps 1, 2, and 3 to get another decoupled copy of |𝑏𝑏𝑏𝑏⟩ because M, operator 
needs two copies of  |𝑏𝑏𝑏𝑏⟩	to quantify the degree of entanglement in between. 

5. Apply the operator M, on the two copies of the qubits |𝑏𝑏𝑏𝑏⟩ and estimate P0011 and 
P1100 to quantify the concurrence value C and estimate the P0000 and P1111 , where 
P0000, P0011, P1100 and P1111 in are the probabilities of the states |0000ñ, |0011ñ, |1100ñ 
and |1111ñ, respectively. 

(i) If 𝑃𝑃**** > 𝑃𝑃++++ then 𝑈𝑈! ∈ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐	label	𝑑𝑑+, 

𝑑𝑑+ =
2"

2 (1 −
E1 − 𝐶𝐶# 

a) If 𝑑𝑑+ = 0	𝑡𝑡ℎ𝑒𝑒𝑒𝑒	𝑈𝑈!	𝑖𝑖𝑖𝑖	𝑡𝑡ℎ𝑒𝑒	𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐	𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓	𝑓𝑓(𝑥𝑥+, 𝑥𝑥#, … , 𝑥𝑥") = 0 
𝑏𝑏)	𝐼𝐼𝐼𝐼	𝑑𝑑+ =

#!

#
	𝑡𝑡ℎ𝑒𝑒𝑒𝑒	𝑈𝑈!	𝑖𝑖𝑖𝑖	𝑎𝑎	𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏	𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓  

𝑐𝑐)	𝐼𝐼𝐼𝐼	0 < 𝑑𝑑+	𝑎𝑎𝑎𝑎𝑎𝑎	𝑑𝑑+ ≠
-
#
	𝑡𝑡ℎ𝑒𝑒𝑒𝑒	𝑈𝑈! ∈ the	class	label	𝑑𝑑+.  

(ii) If 𝑃𝑃**** < 𝑃𝑃++++ then 𝑈𝑈! ∈ the	𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐	label	𝑑𝑑+, 

𝑑𝑑+ =
2"

2 (1 +
E1 − 𝐶𝐶#) 

a) If 𝑑𝑑+ = 2", 𝑡𝑡ℎ𝑒𝑒𝑒𝑒	𝑈𝑈!	𝑖𝑖𝑖𝑖	𝑡𝑡ℎ𝑒𝑒	𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐	𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓	𝑓𝑓(𝑥𝑥+, 𝑥𝑥#, … , 𝑥𝑥") = 1 
𝑏𝑏)	𝐼𝐼𝐼𝐼	𝑑𝑑+ =

#!

#
	𝑡𝑡ℎ𝑒𝑒𝑒𝑒	𝑈𝑈!	𝑖𝑖𝑖𝑖	𝑎𝑎	𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏	𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓  

𝑐𝑐)	𝐼𝐼𝐼𝐼	0 < 𝑑𝑑+	𝑎𝑎𝑎𝑎𝑎𝑎	𝑑𝑑+ ≠
#!

#
	𝑡𝑡ℎ𝑒𝑒𝑒𝑒	𝑈𝑈! ∈ the	class	label	𝑑𝑑+.  

	
3. The Proposed Decoding Protocol of a Teleported Multivariate function 
Assume that Alice needs to distribute some key with Bob. Alice and Bob agreed in 

between to use a function which has included in one of 2n class label. This agreement is 
hidden from Eve. Alice and Bob’s goals are to determine which class label of the function 
chosen by Alice without revealing information about the function to Eve. Hence, Alice needs 
to teleport 𝑈𝑈! via the qubit |𝑡𝑡⟩ 

to Bob. Bob needs to figure out the class label 𝑑𝑑+ of the multivariate function which is 
teleported via the quantum channel by Alice using the Extended Deutsch-Jozsa algorithm 
which is explained in Section 2.1. 

To achieve this purpose, Alice and Bob can teleport and decode arbitrary multivariate 
Boolean function adopting the following proposed protocol: 

1. Register preparation: initialize the two quantum registers as a tensor product of the 
register |𝜒𝜒⟩ = |0⟩⊗", an ancillary qubit |𝑏𝑏⟩ = |0⟩, and two ancillary qubits |0.0/, as follows 

|𝜁𝜁*0+⟩ = 	 |𝜒𝜒⟩⊗ |𝑏𝑏⟩ ⊗ |0.0/⟩ = |0⟩⊗" ⊗ |0⟩⊗ |0.0/⟩ 
where the subscript A refers to Alice’s qubit and the subscript B refers to Bob’s qubit. 

These two qubits are used to create the quantum teleportation channel between Alice and 
Bob in the next two steps as explained in Section 2.1. 

|𝜁𝜁+0+⟩ = (𝐼𝐼⊗"1+⊗ H⊗ I|𝜁𝜁+⟩ 
ii. |𝜁𝜁#0+⟩ = 	 (𝐼𝐼⊗"1+⊗ CNOT|𝜁𝜁#⟩ 
2. Alice processing: 
(a) |𝜁𝜁20+⟩ = 	 (𝐻𝐻⊗" ⊗ 𝐼𝐼⊗2)|𝜒𝜒⟩|b⟩ ⊗ |*#*$⟩1|+#+$⟩

√#
 

(b) |𝜁𝜁60+⟩ = 	 (𝑈𝑈! ⊗ 𝐼𝐼⊗#)|𝜒𝜒⟩|b⟩⊗ |*#*$⟩1|+#+$⟩

√#
, where the action of an Oracle 𝑈𝑈! on the 

first n + 1 qubits is 𝑈𝑈!|𝑥𝑥+, 𝑥𝑥#, … , 𝑥𝑥"𝑥𝑥"1+⟩ = |𝑥𝑥+, 𝑥𝑥#, … , 𝑥𝑥", (𝑥𝑥+, 𝑥𝑥# …𝑥𝑥" + 𝑥𝑥"1+)𝑚𝑚𝑚𝑚𝑚𝑚2⟩. It 
should be noted that the qubit which has index n+1 is the qubit which is labeled |b⟩. 

(c) Teleportation operation: Alice teleports the qubit |b⟩ to Bob using teleportation protocol 
(see Section 2.1), in the next three steps as follows:  

i. |𝜁𝜁70+⟩ = (𝐻𝐻⊗"1+⊗ 𝐼𝐼⊗#|𝜁𝜁6` Remark: in the above step, the Hadmard gate is applied to 
the first n+1 of the system |𝜁𝜁6⟩ not to the qubit |𝑏𝑏⟩ only, because the qubit |𝑏𝑏⟩ is entangled 
with the first n + 1 qubits due to the effect of an Oracle 𝑈𝑈!. 

ii. |𝜁𝜁80+⟩ = (I⊗"⊗ CNOT⊗ I|𝜁𝜁7⟩. 
Alice perform measurement process on the two qubits which have the indices 1 and n + 

2 in the quantum system have the state defined by |𝜁𝜁8⟩. Then, she sends the classical 
message msg which contains the measurement result to Bob. 

iv. Alice repeats steps 1-2 to teleport another copy of the state |𝜁𝜁80#⟩ to Bob. 
Bob processing: After Bob receives the classical message, msg, from Alice, he applies I 

gate, X gate, Z gate or XZ gate upon the content of the message msg is 00, 01, 10 or 11, 
respectively, on his qubit, then system is transformed to the state |𝜁𝜁90+⟩. Then, 

Bob adds another qubit |𝑛𝑛⟩ = |0⟩ to the system, |𝜁𝜁:0+⟩ = |𝜁𝜁90+⟩ ⊗ |0⟩. 
ii. After that. Bob receives the second copy of the state |𝜁𝜁80+⟩ and transforms it to the state 

|𝜁𝜁:0#⟩. Bob applies the operator Mz to the last four qubits of the state |𝜁𝜁:0+⟩ ⊗ |𝜁𝜁:0#⟩. Then, he 
estimates the probabilities of the states |0000ñ, |0011ñ, |1100ñ and |1111ñ, and 
calculates the concurrence value 𝐶𝐶 = E2(𝑃𝑃**++ + 𝑃𝑃++** 

(I) If 𝑃𝑃**** > 𝑃𝑃++++ then 𝑈𝑈! ∈ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐	label	𝑑𝑑+,  
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1. Introduction 
Information processing on quantum systems is one of the most promising topics in 

quantum technology era (Farouk, A., Zakaria, M., et al., 2015; Nagata, K., Nakamura, T., & 
Farouk, A., 2017; Zidan, M., Abdel-Aty, et al., 2017, November; Batle, J., Ooi, C. R., et al., 
2016; Nguyen, D. M., & Kim, S., 2019; Nguyen, D. M., & Kim, S., 2019; Sagheer, A., Zidan, 
M., & Abdelsamea, M. M., 2019). Recently, correlations in quantum mechanics can be shown 
via three aspects: entanglement, discord and geometric discord. Entanglement is one of the 
main resources for quantum communication which performs teleportation (Luo, Y. H., Zhong, 
H. S., et al., 2019), and solves some of quantum computing problems (Zidan, M., Abdel-Aty, 
A. H., et al., 2019a; Zidan, M., Abdel-Aty, A., et al., 2018; Zidan, M., Abdel-Aty, A. H., et al., 
2019b). Quantum teleportation is a powerful tool to exchange quantum information between 
two partners separated in a huge distance in the universe (Xu, P., Ma, Y., 2019; Ren, J. G., 
Xu, P., et al., 2017; Nagata, K., Nakamura, T., & Farouk, A., 2017).  

Teleportation protocol of unknown qubit was first proposed theoretically and realized 
experimentally later (Ren, J. G., Xu, P., et al., 2017) . Then many researchers proposed 
additional protocols to teleport multiple qubits (Chou, K. S., Blumoff, J. Z., et al., 2018). 
Recently, teleportation of quantum gate was proposed. However, teleportation of a 
multivariate Boolean function still open research problem. In this paper, we propose a model 
for teleportation of a multivariate Boolean function between Alice and Bob. Alice encodes 
and teleports an Oracle 𝑈𝑈!which contains some multivariate function 𝑓𝑓:	{0, 	1}" → {0, 1} 
through the teleportation protocol to Bob. Then, Bob decodes the teleported function via the 
Extended Deutsch-Jozsa algorithm to one of 2n classes. 

Section 2, summarizes the quantum teleportation protocol and the Extended Deutsch-
Jozsa Algorithm. In Section 3, the proposed protocol for decoding a teleported multivariate 
Boolean Function based on the Extended Deutsch-Jozsa Algorithm is explained in details. 
Section 4 is devoted concludes the main findings of the paper. 

 
2. Methodology 
2.1. The Extended Deutsch-Jozsa Algorithm 
Here, we proceed to summarize the Extended Deutsch-Jozsa (EDJ) algorithm which was 

proposed based on the computing model that is explained. For an oracle  𝑈𝑈! which encodes 
some unknown Boolean function 𝑓𝑓:	{0, 	1}" → {0, 1}. There exists, 2n possible different 
classes can be generated from n Boolean variables. Each class label d1 contains 

#!!
%"!(#!'%")!

possible Boolean functions. The algorithm that classifies a given Boolean function 
via an Oracle 𝑈𝑈! to one of 2n classes is the EDJ algorithm compared to original Deutsch-
Jozsa algorithm. which classifies only 2 classes (balanced class and constant class). The 
steps of EDJ algorithm are as follows: 

Register preparation: initialize the two quantum registers as a tensor product of a register 
of size n qubits, |𝜒𝜒⟩ = |0⟩⊗", and two ancillary qubits	|𝑛𝑛𝑛𝑛⟩ = |00⟩.  Therefore, the state of 
the system is as follows: 

|ζ*⟩ = 	 |𝜒𝜒⟩ ⊗ |𝑛𝑛𝑛𝑛⟩ = |0⟩⊗" ⊗ |0⟩⊗# 
|ζ+⟩ = 	𝐻𝐻⊗"|𝜒𝜒⟩ ⊗ 𝐼𝐼⊗#|𝑏𝑏𝑏𝑏⟩ 
|ζ#⟩ = 	𝑈𝑈!|𝜒𝜒, 𝑏𝑏⟩ ⊗ 𝐼𝐼|𝑛𝑛⟩ 

Repeat the steps 1, 2, and 3 to get another decoupled copy of |𝑏𝑏𝑏𝑏⟩ because M, operator 
needs two copies of  |𝑏𝑏𝑏𝑏⟩	to quantify the degree of entanglement in between. 

5. Apply the operator M, on the two copies of the qubits |𝑏𝑏𝑏𝑏⟩ and estimate P0011 and 
P1100 to quantify the concurrence value C and estimate the P0000 and P1111 , where 
P0000, P0011, P1100 and P1111 in are the probabilities of the states |0000ñ, |0011ñ, |1100ñ 
and |1111ñ, respectively. 

(i) If 𝑃𝑃**** > 𝑃𝑃++++ then 𝑈𝑈! ∈ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐	label	𝑑𝑑+, 

𝑑𝑑+ =
2"

2 (1 −
E1 − 𝐶𝐶# 

a) If 𝑑𝑑+ = 0	𝑡𝑡ℎ𝑒𝑒𝑒𝑒	𝑈𝑈!	𝑖𝑖𝑖𝑖	𝑡𝑡ℎ𝑒𝑒	𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐	𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓	𝑓𝑓(𝑥𝑥+, 𝑥𝑥#, … , 𝑥𝑥") = 0 
𝑏𝑏)	𝐼𝐼𝐼𝐼	𝑑𝑑+ =

#!

#
	𝑡𝑡ℎ𝑒𝑒𝑒𝑒	𝑈𝑈!	𝑖𝑖𝑖𝑖	𝑎𝑎	𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏	𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓  

𝑐𝑐)	𝐼𝐼𝐼𝐼	0 < 𝑑𝑑+	𝑎𝑎𝑎𝑎𝑎𝑎	𝑑𝑑+ ≠
-
#
	𝑡𝑡ℎ𝑒𝑒𝑒𝑒	𝑈𝑈! ∈ the	class	label	𝑑𝑑+.  

(ii) If 𝑃𝑃**** < 𝑃𝑃++++ then 𝑈𝑈! ∈ the	𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐	label	𝑑𝑑+, 

𝑑𝑑+ =
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𝑏𝑏)	𝐼𝐼𝐼𝐼	𝑑𝑑+ =

#!

#
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𝑐𝑐)	𝐼𝐼𝐼𝐼	0 < 𝑑𝑑+	𝑎𝑎𝑎𝑎𝑎𝑎	𝑑𝑑+ ≠
#!

#
	𝑡𝑡ℎ𝑒𝑒𝑒𝑒	𝑈𝑈! ∈ the	class	label	𝑑𝑑+.  

	
3. The Proposed Decoding Protocol of a Teleported Multivariate function 
Assume that Alice needs to distribute some key with Bob. Alice and Bob agreed in 

between to use a function which has included in one of 2n class label. This agreement is 
hidden from Eve. Alice and Bob’s goals are to determine which class label of the function 
chosen by Alice without revealing information about the function to Eve. Hence, Alice needs 
to teleport 𝑈𝑈! via the qubit |𝑡𝑡⟩ 

to Bob. Bob needs to figure out the class label 𝑑𝑑+ of the multivariate function which is 
teleported via the quantum channel by Alice using the Extended Deutsch-Jozsa algorithm 
which is explained in Section 2.1. 

To achieve this purpose, Alice and Bob can teleport and decode arbitrary multivariate 
Boolean function adopting the following proposed protocol: 

1. Register preparation: initialize the two quantum registers as a tensor product of the 
register |𝜒𝜒⟩ = |0⟩⊗", an ancillary qubit |𝑏𝑏⟩ = |0⟩, and two ancillary qubits |0.0/, as follows 

|𝜁𝜁*0+⟩ = 	 |𝜒𝜒⟩⊗ |𝑏𝑏⟩ ⊗ |0.0/⟩ = |0⟩⊗" ⊗ |0⟩⊗ |0.0/⟩ 
where the subscript A refers to Alice’s qubit and the subscript B refers to Bob’s qubit. 

These two qubits are used to create the quantum teleportation channel between Alice and 
Bob in the next two steps as explained in Section 2.1. 

|𝜁𝜁+0+⟩ = (𝐼𝐼⊗"1+⊗ H⊗ I|𝜁𝜁+⟩ 
ii. |𝜁𝜁#0+⟩ = 	 (𝐼𝐼⊗"1+⊗ CNOT|𝜁𝜁#⟩ 
2. Alice processing: 
(a) |𝜁𝜁20+⟩ = 	 (𝐻𝐻⊗" ⊗ 𝐼𝐼⊗2)|𝜒𝜒⟩|b⟩ ⊗ |*#*$⟩1|+#+$⟩

√#
 

(b) |𝜁𝜁60+⟩ = 	 (𝑈𝑈! ⊗ 𝐼𝐼⊗#)|𝜒𝜒⟩|b⟩⊗ |*#*$⟩1|+#+$⟩

√#
, where the action of an Oracle 𝑈𝑈! on the 

first n + 1 qubits is 𝑈𝑈!|𝑥𝑥+, 𝑥𝑥#, … , 𝑥𝑥"𝑥𝑥"1+⟩ = |𝑥𝑥+, 𝑥𝑥#, … , 𝑥𝑥", (𝑥𝑥+, 𝑥𝑥# …𝑥𝑥" + 𝑥𝑥"1+)𝑚𝑚𝑚𝑚𝑚𝑚2⟩. It 
should be noted that the qubit which has index n+1 is the qubit which is labeled |b⟩. 

(c) Teleportation operation: Alice teleports the qubit |b⟩ to Bob using teleportation protocol 
(see Section 2.1), in the next three steps as follows:  

i. |𝜁𝜁70+⟩ = (𝐻𝐻⊗"1+⊗ 𝐼𝐼⊗#|𝜁𝜁6` Remark: in the above step, the Hadmard gate is applied to 
the first n+1 of the system |𝜁𝜁6⟩ not to the qubit |𝑏𝑏⟩ only, because the qubit |𝑏𝑏⟩ is entangled 
with the first n + 1 qubits due to the effect of an Oracle 𝑈𝑈!. 

ii. |𝜁𝜁80+⟩ = (I⊗"⊗ CNOT⊗ I|𝜁𝜁7⟩. 
Alice perform measurement process on the two qubits which have the indices 1 and n + 

2 in the quantum system have the state defined by |𝜁𝜁8⟩. Then, she sends the classical 
message msg which contains the measurement result to Bob. 

iv. Alice repeats steps 1-2 to teleport another copy of the state |𝜁𝜁80#⟩ to Bob. 
Bob processing: After Bob receives the classical message, msg, from Alice, he applies I 

gate, X gate, Z gate or XZ gate upon the content of the message msg is 00, 01, 10 or 11, 
respectively, on his qubit, then system is transformed to the state |𝜁𝜁90+⟩. Then, 

Bob adds another qubit |𝑛𝑛⟩ = |0⟩ to the system, |𝜁𝜁:0+⟩ = |𝜁𝜁90+⟩ ⊗ |0⟩. 
ii. After that. Bob receives the second copy of the state |𝜁𝜁80+⟩ and transforms it to the state 

|𝜁𝜁:0#⟩. Bob applies the operator Mz to the last four qubits of the state |𝜁𝜁:0+⟩ ⊗ |𝜁𝜁:0#⟩. Then, he 
estimates the probabilities of the states |0000ñ, |0011ñ, |1100ñ and |1111ñ, and 
calculates the concurrence value 𝐶𝐶 = E2(𝑃𝑃**++ + 𝑃𝑃++** 

(I) If 𝑃𝑃**** > 𝑃𝑃++++ then 𝑈𝑈! ∈ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐	label	𝑑𝑑+,  

Fig. 2. Diagram shows the main operations of the proposed protocol for teleporting 
and decoding a Boolean Multivariate function between Alice and Bob.



50

Heba Kadry, et al. 

Fig. 3. Comparison between he number of classes by the proposed model and the 
number of classes using standard Deutsch-Jozsa algorithm.

1. Introduction 
Information processing on quantum systems is one of the most promising topics in 

quantum technology era (Farouk, A., Zakaria, M., et al., 2015; Nagata, K., Nakamura, T., & 
Farouk, A., 2017; Zidan, M., Abdel-Aty, et al., 2017, November; Batle, J., Ooi, C. R., et al., 
2016; Nguyen, D. M., & Kim, S., 2019; Nguyen, D. M., & Kim, S., 2019; Sagheer, A., Zidan, 
M., & Abdelsamea, M. M., 2019). Recently, correlations in quantum mechanics can be shown 
via three aspects: entanglement, discord and geometric discord. Entanglement is one of the 
main resources for quantum communication which performs teleportation (Luo, Y. H., Zhong, 
H. S., et al., 2019), and solves some of quantum computing problems (Zidan, M., Abdel-Aty, 
A. H., et al., 2019a; Zidan, M., Abdel-Aty, A., et al., 2018; Zidan, M., Abdel-Aty, A. H., et al., 
2019b). Quantum teleportation is a powerful tool to exchange quantum information between 
two partners separated in a huge distance in the universe (Xu, P., Ma, Y., 2019; Ren, J. G., 
Xu, P., et al., 2017; Nagata, K., Nakamura, T., & Farouk, A., 2017).  

Teleportation protocol of unknown qubit was first proposed theoretically and realized 
experimentally later (Ren, J. G., Xu, P., et al., 2017) . Then many researchers proposed 
additional protocols to teleport multiple qubits (Chou, K. S., Blumoff, J. Z., et al., 2018). 
Recently, teleportation of quantum gate was proposed. However, teleportation of a 
multivariate Boolean function still open research problem. In this paper, we propose a model 
for teleportation of a multivariate Boolean function between Alice and Bob. Alice encodes 
and teleports an Oracle 𝑈𝑈!which contains some multivariate function 𝑓𝑓:	{0, 	1}" → {0, 1} 
through the teleportation protocol to Bob. Then, Bob decodes the teleported function via the 
Extended Deutsch-Jozsa algorithm to one of 2n classes. 

Section 2, summarizes the quantum teleportation protocol and the Extended Deutsch-
Jozsa Algorithm. In Section 3, the proposed protocol for decoding a teleported multivariate 
Boolean Function based on the Extended Deutsch-Jozsa Algorithm is explained in details. 
Section 4 is devoted concludes the main findings of the paper. 

 
2. Methodology 
2.1. The Extended Deutsch-Jozsa Algorithm 
Here, we proceed to summarize the Extended Deutsch-Jozsa (EDJ) algorithm which was 

proposed based on the computing model that is explained. For an oracle  𝑈𝑈! which encodes 
some unknown Boolean function 𝑓𝑓:	{0, 	1}" → {0, 1}. There exists, 2n possible different 
classes can be generated from n Boolean variables. Each class label d1 contains 

#!!
%"!(#!'%")!

possible Boolean functions. The algorithm that classifies a given Boolean function 
via an Oracle 𝑈𝑈! to one of 2n classes is the EDJ algorithm compared to original Deutsch-
Jozsa algorithm. which classifies only 2 classes (balanced class and constant class). The 
steps of EDJ algorithm are as follows: 

Register preparation: initialize the two quantum registers as a tensor product of a register 
of size n qubits, |𝜒𝜒⟩ = |0⟩⊗", and two ancillary qubits	|𝑛𝑛𝑛𝑛⟩ = |00⟩.  Therefore, the state of 
the system is as follows: 

|ζ*⟩ = 	 |𝜒𝜒⟩ ⊗ |𝑛𝑛𝑛𝑛⟩ = |0⟩⊗" ⊗ |0⟩⊗# 
|ζ+⟩ = 	𝐻𝐻⊗"|𝜒𝜒⟩ ⊗ 𝐼𝐼⊗#|𝑏𝑏𝑏𝑏⟩ 
|ζ#⟩ = 	𝑈𝑈!|𝜒𝜒, 𝑏𝑏⟩ ⊗ 𝐼𝐼|𝑛𝑛⟩ 

Repeat the steps 1, 2, and 3 to get another decoupled copy of |𝑏𝑏𝑏𝑏⟩ because M, operator 
needs two copies of  |𝑏𝑏𝑏𝑏⟩	to quantify the degree of entanglement in between. 

5. Apply the operator M, on the two copies of the qubits |𝑏𝑏𝑏𝑏⟩ and estimate P0011 and 
P1100 to quantify the concurrence value C and estimate the P0000 and P1111 , where 
P0000, P0011, P1100 and P1111 in are the probabilities of the states |0000ñ, |0011ñ, |1100ñ 
and |1111ñ, respectively. 

(i) If 𝑃𝑃**** > 𝑃𝑃++++ then 𝑈𝑈! ∈ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐	label	𝑑𝑑+, 

𝑑𝑑+ =
2"

2 (1 −
E1 − 𝐶𝐶# 

a) If 𝑑𝑑+ = 0	𝑡𝑡ℎ𝑒𝑒𝑒𝑒	𝑈𝑈!	𝑖𝑖𝑖𝑖	𝑡𝑡ℎ𝑒𝑒	𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐	𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓	𝑓𝑓(𝑥𝑥+, 𝑥𝑥#, … , 𝑥𝑥") = 0 
𝑏𝑏)	𝐼𝐼𝐼𝐼	𝑑𝑑+ =

#!

#
	𝑡𝑡ℎ𝑒𝑒𝑒𝑒	𝑈𝑈!	𝑖𝑖𝑖𝑖	𝑎𝑎	𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏	𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓  

𝑐𝑐)	𝐼𝐼𝐼𝐼	0 < 𝑑𝑑+	𝑎𝑎𝑎𝑎𝑎𝑎	𝑑𝑑+ ≠
-
#
	𝑡𝑡ℎ𝑒𝑒𝑒𝑒	𝑈𝑈! ∈ the	class	label	𝑑𝑑+.  

(ii) If 𝑃𝑃**** < 𝑃𝑃++++ then 𝑈𝑈! ∈ the	𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐	label	𝑑𝑑+, 

𝑑𝑑+ =
2"

2 (1 +
E1 − 𝐶𝐶#) 

a) If 𝑑𝑑+ = 2", 𝑡𝑡ℎ𝑒𝑒𝑒𝑒	𝑈𝑈!	𝑖𝑖𝑖𝑖	𝑡𝑡ℎ𝑒𝑒	𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐	𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓	𝑓𝑓(𝑥𝑥+, 𝑥𝑥#, … , 𝑥𝑥") = 1 
𝑏𝑏)	𝐼𝐼𝐼𝐼	𝑑𝑑+ =

#!

#
	𝑡𝑡ℎ𝑒𝑒𝑒𝑒	𝑈𝑈!	𝑖𝑖𝑖𝑖	𝑎𝑎	𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏	𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓  

𝑐𝑐)	𝐼𝐼𝐼𝐼	0 < 𝑑𝑑+	𝑎𝑎𝑎𝑎𝑎𝑎	𝑑𝑑+ ≠
#!

#
	𝑡𝑡ℎ𝑒𝑒𝑒𝑒	𝑈𝑈! ∈ the	class	label	𝑑𝑑+.  

	
3. The Proposed Decoding Protocol of a Teleported Multivariate function 
Assume that Alice needs to distribute some key with Bob. Alice and Bob agreed in 

between to use a function which has included in one of 2n class label. This agreement is 
hidden from Eve. Alice and Bob’s goals are to determine which class label of the function 
chosen by Alice without revealing information about the function to Eve. Hence, Alice needs 
to teleport 𝑈𝑈! via the qubit |𝑡𝑡⟩ 

to Bob. Bob needs to figure out the class label 𝑑𝑑+ of the multivariate function which is 
teleported via the quantum channel by Alice using the Extended Deutsch-Jozsa algorithm 
which is explained in Section 2.1. 

To achieve this purpose, Alice and Bob can teleport and decode arbitrary multivariate 
Boolean function adopting the following proposed protocol: 

1. Register preparation: initialize the two quantum registers as a tensor product of the 
register |𝜒𝜒⟩ = |0⟩⊗", an ancillary qubit |𝑏𝑏⟩ = |0⟩, and two ancillary qubits |0.0/, as follows 

|𝜁𝜁*0+⟩ = 	 |𝜒𝜒⟩⊗ |𝑏𝑏⟩ ⊗ |0.0/⟩ = |0⟩⊗" ⊗ |0⟩⊗ |0.0/⟩ 
where the subscript A refers to Alice’s qubit and the subscript B refers to Bob’s qubit. 

These two qubits are used to create the quantum teleportation channel between Alice and 
Bob in the next two steps as explained in Section 2.1. 

|𝜁𝜁+0+⟩ = (𝐼𝐼⊗"1+⊗ H⊗ I|𝜁𝜁+⟩ 
ii. |𝜁𝜁#0+⟩ = 	 (𝐼𝐼⊗"1+⊗ CNOT|𝜁𝜁#⟩ 
2. Alice processing: 
(a) |𝜁𝜁20+⟩ = 	 (𝐻𝐻⊗" ⊗ 𝐼𝐼⊗2)|𝜒𝜒⟩|b⟩ ⊗ |*#*$⟩1|+#+$⟩

√#
 

(b) |𝜁𝜁60+⟩ = 	 (𝑈𝑈! ⊗ 𝐼𝐼⊗#)|𝜒𝜒⟩|b⟩⊗ |*#*$⟩1|+#+$⟩

√#
, where the action of an Oracle 𝑈𝑈! on the 

first n + 1 qubits is 𝑈𝑈!|𝑥𝑥+, 𝑥𝑥#, … , 𝑥𝑥"𝑥𝑥"1+⟩ = |𝑥𝑥+, 𝑥𝑥#, … , 𝑥𝑥", (𝑥𝑥+, 𝑥𝑥# …𝑥𝑥" + 𝑥𝑥"1+)𝑚𝑚𝑚𝑚𝑚𝑚2⟩. It 
should be noted that the qubit which has index n+1 is the qubit which is labeled |b⟩. 

(c) Teleportation operation: Alice teleports the qubit |b⟩ to Bob using teleportation protocol 
(see Section 2.1), in the next three steps as follows:  

i. |𝜁𝜁70+⟩ = (𝐻𝐻⊗"1+⊗ 𝐼𝐼⊗#|𝜁𝜁6` Remark: in the above step, the Hadmard gate is applied to 
the first n+1 of the system |𝜁𝜁6⟩ not to the qubit |𝑏𝑏⟩ only, because the qubit |𝑏𝑏⟩ is entangled 
with the first n + 1 qubits due to the effect of an Oracle 𝑈𝑈!. 

ii. |𝜁𝜁80+⟩ = (I⊗"⊗ CNOT⊗ I|𝜁𝜁7⟩. 
Alice perform measurement process on the two qubits which have the indices 1 and n + 

2 in the quantum system have the state defined by |𝜁𝜁8⟩. Then, she sends the classical 
message msg which contains the measurement result to Bob. 

iv. Alice repeats steps 1-2 to teleport another copy of the state |𝜁𝜁80#⟩ to Bob. 
Bob processing: After Bob receives the classical message, msg, from Alice, he applies I 

gate, X gate, Z gate or XZ gate upon the content of the message msg is 00, 01, 10 or 11, 
respectively, on his qubit, then system is transformed to the state |𝜁𝜁90+⟩. Then, 

Bob adds another qubit |𝑛𝑛⟩ = |0⟩ to the system, |𝜁𝜁:0+⟩ = |𝜁𝜁90+⟩ ⊗ |0⟩. 
ii. After that. Bob receives the second copy of the state |𝜁𝜁80+⟩ and transforms it to the state 

|𝜁𝜁:0#⟩. Bob applies the operator Mz to the last four qubits of the state |𝜁𝜁:0+⟩ ⊗ |𝜁𝜁:0#⟩. Then, he 
estimates the probabilities of the states |0000ñ, |0011ñ, |1100ñ and |1111ñ, and 
calculates the concurrence value 𝐶𝐶 = E2(𝑃𝑃**++ + 𝑃𝑃++** 

(I) If 𝑃𝑃**** > 𝑃𝑃++++ then 𝑈𝑈! ∈ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐	label	𝑑𝑑+,  

1. Introduction 
Information processing on quantum systems is one of the most promising topics in 

quantum technology era (Farouk, A., Zakaria, M., et al., 2015; Nagata, K., Nakamura, T., & 
Farouk, A., 2017; Zidan, M., Abdel-Aty, et al., 2017, November; Batle, J., Ooi, C. R., et al., 
2016; Nguyen, D. M., & Kim, S., 2019; Nguyen, D. M., & Kim, S., 2019; Sagheer, A., Zidan, 
M., & Abdelsamea, M. M., 2019). Recently, correlations in quantum mechanics can be shown 
via three aspects: entanglement, discord and geometric discord. Entanglement is one of the 
main resources for quantum communication which performs teleportation (Luo, Y. H., Zhong, 
H. S., et al., 2019), and solves some of quantum computing problems (Zidan, M., Abdel-Aty, 
A. H., et al., 2019a; Zidan, M., Abdel-Aty, A., et al., 2018; Zidan, M., Abdel-Aty, A. H., et al., 
2019b). Quantum teleportation is a powerful tool to exchange quantum information between 
two partners separated in a huge distance in the universe (Xu, P., Ma, Y., 2019; Ren, J. G., 
Xu, P., et al., 2017; Nagata, K., Nakamura, T., & Farouk, A., 2017).  

Teleportation protocol of unknown qubit was first proposed theoretically and realized 
experimentally later (Ren, J. G., Xu, P., et al., 2017) . Then many researchers proposed 
additional protocols to teleport multiple qubits (Chou, K. S., Blumoff, J. Z., et al., 2018). 
Recently, teleportation of quantum gate was proposed. However, teleportation of a 
multivariate Boolean function still open research problem. In this paper, we propose a model 
for teleportation of a multivariate Boolean function between Alice and Bob. Alice encodes 
and teleports an Oracle 𝑈𝑈!which contains some multivariate function 𝑓𝑓:	{0, 	1}" → {0, 1} 
through the teleportation protocol to Bob. Then, Bob decodes the teleported function via the 
Extended Deutsch-Jozsa algorithm to one of 2n classes. 

Section 2, summarizes the quantum teleportation protocol and the Extended Deutsch-
Jozsa Algorithm. In Section 3, the proposed protocol for decoding a teleported multivariate 
Boolean Function based on the Extended Deutsch-Jozsa Algorithm is explained in details. 
Section 4 is devoted concludes the main findings of the paper. 

 
2. Methodology 
2.1. The Extended Deutsch-Jozsa Algorithm 
Here, we proceed to summarize the Extended Deutsch-Jozsa (EDJ) algorithm which was 

proposed based on the computing model that is explained. For an oracle  𝑈𝑈! which encodes 
some unknown Boolean function 𝑓𝑓:	{0, 	1}" → {0, 1}. There exists, 2n possible different 
classes can be generated from n Boolean variables. Each class label d1 contains 

#!!
%"!(#!'%")!

possible Boolean functions. The algorithm that classifies a given Boolean function 
via an Oracle 𝑈𝑈! to one of 2n classes is the EDJ algorithm compared to original Deutsch-
Jozsa algorithm. which classifies only 2 classes (balanced class and constant class). The 
steps of EDJ algorithm are as follows: 

Register preparation: initialize the two quantum registers as a tensor product of a register 
of size n qubits, |𝜒𝜒⟩ = |0⟩⊗", and two ancillary qubits	|𝑛𝑛𝑛𝑛⟩ = |00⟩.  Therefore, the state of 
the system is as follows: 

|ζ*⟩ = 	 |𝜒𝜒⟩ ⊗ |𝑛𝑛𝑛𝑛⟩ = |0⟩⊗" ⊗ |0⟩⊗# 
|ζ+⟩ = 	𝐻𝐻⊗"|𝜒𝜒⟩ ⊗ 𝐼𝐼⊗#|𝑏𝑏𝑏𝑏⟩ 
|ζ#⟩ = 	𝑈𝑈!|𝜒𝜒, 𝑏𝑏⟩ ⊗ 𝐼𝐼|𝑛𝑛⟩ 

Repeat the steps 1, 2, and 3 to get another decoupled copy of |𝑏𝑏𝑏𝑏⟩ because M, operator 
needs two copies of  |𝑏𝑏𝑏𝑏⟩	to quantify the degree of entanglement in between. 

5. Apply the operator M, on the two copies of the qubits |𝑏𝑏𝑏𝑏⟩ and estimate P0011 and 
P1100 to quantify the concurrence value C and estimate the P0000 and P1111 , where 
P0000, P0011, P1100 and P1111 in are the probabilities of the states |0000ñ, |0011ñ, |1100ñ 
and |1111ñ, respectively. 

(i) If 𝑃𝑃**** > 𝑃𝑃++++ then 𝑈𝑈! ∈ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐	label	𝑑𝑑+, 

𝑑𝑑+ =
2"

2 (1 −
E1 − 𝐶𝐶# 

a) If 𝑑𝑑+ = 0	𝑡𝑡ℎ𝑒𝑒𝑒𝑒	𝑈𝑈!	𝑖𝑖𝑖𝑖	𝑡𝑡ℎ𝑒𝑒	𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐	𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓	𝑓𝑓(𝑥𝑥+, 𝑥𝑥#, … , 𝑥𝑥") = 0 
𝑏𝑏)	𝐼𝐼𝐼𝐼	𝑑𝑑+ =

#!

#
	𝑡𝑡ℎ𝑒𝑒𝑒𝑒	𝑈𝑈!	𝑖𝑖𝑖𝑖	𝑎𝑎	𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏	𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓  

𝑐𝑐)	𝐼𝐼𝐼𝐼	0 < 𝑑𝑑+	𝑎𝑎𝑎𝑎𝑎𝑎	𝑑𝑑+ ≠
-
#
	𝑡𝑡ℎ𝑒𝑒𝑒𝑒	𝑈𝑈! ∈ the	class	label	𝑑𝑑+.  

(ii) If 𝑃𝑃**** < 𝑃𝑃++++ then 𝑈𝑈! ∈ the	𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐	label	𝑑𝑑+, 

𝑑𝑑+ =
2"

2 (1 +
E1 − 𝐶𝐶#) 

a) If 𝑑𝑑+ = 2", 𝑡𝑡ℎ𝑒𝑒𝑒𝑒	𝑈𝑈!	𝑖𝑖𝑖𝑖	𝑡𝑡ℎ𝑒𝑒	𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐	𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓	𝑓𝑓(𝑥𝑥+, 𝑥𝑥#, … , 𝑥𝑥") = 1 
𝑏𝑏)	𝐼𝐼𝐼𝐼	𝑑𝑑+ =

#!

#
	𝑡𝑡ℎ𝑒𝑒𝑒𝑒	𝑈𝑈!	𝑖𝑖𝑖𝑖	𝑎𝑎	𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏	𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓  

𝑐𝑐)	𝐼𝐼𝐼𝐼	0 < 𝑑𝑑+	𝑎𝑎𝑎𝑎𝑎𝑎	𝑑𝑑+ ≠
#!

#
	𝑡𝑡ℎ𝑒𝑒𝑒𝑒	𝑈𝑈! ∈ the	class	label	𝑑𝑑+.  

	
3. The Proposed Decoding Protocol of a Teleported Multivariate function 
Assume that Alice needs to distribute some key with Bob. Alice and Bob agreed in 

between to use a function which has included in one of 2n class label. This agreement is 
hidden from Eve. Alice and Bob’s goals are to determine which class label of the function 
chosen by Alice without revealing information about the function to Eve. Hence, Alice needs 
to teleport 𝑈𝑈! via the qubit |𝑡𝑡⟩ 

to Bob. Bob needs to figure out the class label 𝑑𝑑+ of the multivariate function which is 
teleported via the quantum channel by Alice using the Extended Deutsch-Jozsa algorithm 
which is explained in Section 2.1. 

To achieve this purpose, Alice and Bob can teleport and decode arbitrary multivariate 
Boolean function adopting the following proposed protocol: 

1. Register preparation: initialize the two quantum registers as a tensor product of the 
register |𝜒𝜒⟩ = |0⟩⊗", an ancillary qubit |𝑏𝑏⟩ = |0⟩, and two ancillary qubits |0.0/, as follows 

|𝜁𝜁*0+⟩ = 	 |𝜒𝜒⟩⊗ |𝑏𝑏⟩ ⊗ |0.0/⟩ = |0⟩⊗" ⊗ |0⟩⊗ |0.0/⟩ 
where the subscript A refers to Alice’s qubit and the subscript B refers to Bob’s qubit. 

These two qubits are used to create the quantum teleportation channel between Alice and 
Bob in the next two steps as explained in Section 2.1. 

|𝜁𝜁+0+⟩ = (𝐼𝐼⊗"1+⊗ H⊗ I|𝜁𝜁+⟩ 
ii. |𝜁𝜁#0+⟩ = 	 (𝐼𝐼⊗"1+⊗ CNOT|𝜁𝜁#⟩ 
2. Alice processing: 
(a) |𝜁𝜁20+⟩ = 	 (𝐻𝐻⊗" ⊗ 𝐼𝐼⊗2)|𝜒𝜒⟩|b⟩ ⊗ |*#*$⟩1|+#+$⟩

√#
 

(b) |𝜁𝜁60+⟩ = 	 (𝑈𝑈! ⊗ 𝐼𝐼⊗#)|𝜒𝜒⟩|b⟩⊗ |*#*$⟩1|+#+$⟩

√#
, where the action of an Oracle 𝑈𝑈! on the 

first n + 1 qubits is 𝑈𝑈!|𝑥𝑥+, 𝑥𝑥#, … , 𝑥𝑥"𝑥𝑥"1+⟩ = |𝑥𝑥+, 𝑥𝑥#, … , 𝑥𝑥", (𝑥𝑥+, 𝑥𝑥# …𝑥𝑥" + 𝑥𝑥"1+)𝑚𝑚𝑚𝑚𝑚𝑚2⟩. It 
should be noted that the qubit which has index n+1 is the qubit which is labeled |b⟩. 

(c) Teleportation operation: Alice teleports the qubit |b⟩ to Bob using teleportation protocol 
(see Section 2.1), in the next three steps as follows:  

i. |𝜁𝜁70+⟩ = (𝐻𝐻⊗"1+⊗ 𝐼𝐼⊗#|𝜁𝜁6` Remark: in the above step, the Hadmard gate is applied to 
the first n+1 of the system |𝜁𝜁6⟩ not to the qubit |𝑏𝑏⟩ only, because the qubit |𝑏𝑏⟩ is entangled 
with the first n + 1 qubits due to the effect of an Oracle 𝑈𝑈!. 

ii. |𝜁𝜁80+⟩ = (I⊗"⊗ CNOT⊗ I|𝜁𝜁7⟩. 
Alice perform measurement process on the two qubits which have the indices 1 and n + 

2 in the quantum system have the state defined by |𝜁𝜁8⟩. Then, she sends the classical 
message msg which contains the measurement result to Bob. 

iv. Alice repeats steps 1-2 to teleport another copy of the state |𝜁𝜁80#⟩ to Bob. 
Bob processing: After Bob receives the classical message, msg, from Alice, he applies I 

gate, X gate, Z gate or XZ gate upon the content of the message msg is 00, 01, 10 or 11, 
respectively, on his qubit, then system is transformed to the state |𝜁𝜁90+⟩. Then, 

Bob adds another qubit |𝑛𝑛⟩ = |0⟩ to the system, |𝜁𝜁:0+⟩ = |𝜁𝜁90+⟩ ⊗ |0⟩. 
ii. After that. Bob receives the second copy of the state |𝜁𝜁80+⟩ and transforms it to the state 

|𝜁𝜁:0#⟩. Bob applies the operator Mz to the last four qubits of the state |𝜁𝜁:0+⟩ ⊗ |𝜁𝜁:0#⟩. Then, he 
estimates the probabilities of the states |0000ñ, |0011ñ, |1100ñ and |1111ñ, and 
calculates the concurrence value 𝐶𝐶 = E2(𝑃𝑃**++ + 𝑃𝑃++** 

(I) If 𝑃𝑃**** > 𝑃𝑃++++ then 𝑈𝑈! ∈ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐	label	𝑑𝑑+,  
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1. Introduction 
Information processing on quantum systems is one of the most promising topics in 

quantum technology era (Farouk, A., Zakaria, M., et al., 2015; Nagata, K., Nakamura, T., & 
Farouk, A., 2017; Zidan, M., Abdel-Aty, et al., 2017, November; Batle, J., Ooi, C. R., et al., 
2016; Nguyen, D. M., & Kim, S., 2019; Nguyen, D. M., & Kim, S., 2019; Sagheer, A., Zidan, 
M., & Abdelsamea, M. M., 2019). Recently, correlations in quantum mechanics can be shown 
via three aspects: entanglement, discord and geometric discord. Entanglement is one of the 
main resources for quantum communication which performs teleportation (Luo, Y. H., Zhong, 
H. S., et al., 2019), and solves some of quantum computing problems (Zidan, M., Abdel-Aty, 
A. H., et al., 2019a; Zidan, M., Abdel-Aty, A., et al., 2018; Zidan, M., Abdel-Aty, A. H., et al., 
2019b). Quantum teleportation is a powerful tool to exchange quantum information between 
two partners separated in a huge distance in the universe (Xu, P., Ma, Y., 2019; Ren, J. G., 
Xu, P., et al., 2017; Nagata, K., Nakamura, T., & Farouk, A., 2017).  

Teleportation protocol of unknown qubit was first proposed theoretically and realized 
experimentally later (Ren, J. G., Xu, P., et al., 2017) . Then many researchers proposed 
additional protocols to teleport multiple qubits (Chou, K. S., Blumoff, J. Z., et al., 2018). 
Recently, teleportation of quantum gate was proposed. However, teleportation of a 
multivariate Boolean function still open research problem. In this paper, we propose a model 
for teleportation of a multivariate Boolean function between Alice and Bob. Alice encodes 
and teleports an Oracle 𝑈𝑈!which contains some multivariate function 𝑓𝑓:	{0, 	1}" → {0, 1} 
through the teleportation protocol to Bob. Then, Bob decodes the teleported function via the 
Extended Deutsch-Jozsa algorithm to one of 2n classes. 

Section 2, summarizes the quantum teleportation protocol and the Extended Deutsch-
Jozsa Algorithm. In Section 3, the proposed protocol for decoding a teleported multivariate 
Boolean Function based on the Extended Deutsch-Jozsa Algorithm is explained in details. 
Section 4 is devoted concludes the main findings of the paper. 

 
2. Methodology 
2.1. The Extended Deutsch-Jozsa Algorithm 
Here, we proceed to summarize the Extended Deutsch-Jozsa (EDJ) algorithm which was 

proposed based on the computing model that is explained. For an oracle  𝑈𝑈! which encodes 
some unknown Boolean function 𝑓𝑓:	{0, 	1}" → {0, 1}. There exists, 2n possible different 
classes can be generated from n Boolean variables. Each class label d1 contains 

#!!
%"!(#!'%")!

possible Boolean functions. The algorithm that classifies a given Boolean function 
via an Oracle 𝑈𝑈! to one of 2n classes is the EDJ algorithm compared to original Deutsch-
Jozsa algorithm. which classifies only 2 classes (balanced class and constant class). The 
steps of EDJ algorithm are as follows: 

Register preparation: initialize the two quantum registers as a tensor product of a register 
of size n qubits, |𝜒𝜒⟩ = |0⟩⊗", and two ancillary qubits	|𝑛𝑛𝑛𝑛⟩ = |00⟩.  Therefore, the state of 
the system is as follows: 

|ζ*⟩ = 	 |𝜒𝜒⟩ ⊗ |𝑛𝑛𝑛𝑛⟩ = |0⟩⊗" ⊗ |0⟩⊗# 
|ζ+⟩ = 	𝐻𝐻⊗"|𝜒𝜒⟩ ⊗ 𝐼𝐼⊗#|𝑏𝑏𝑏𝑏⟩ 
|ζ#⟩ = 	𝑈𝑈!|𝜒𝜒, 𝑏𝑏⟩ ⊗ 𝐼𝐼|𝑛𝑛⟩ 

Repeat the steps 1, 2, and 3 to get another decoupled copy of |𝑏𝑏𝑏𝑏⟩ because M, operator 
needs two copies of  |𝑏𝑏𝑏𝑏⟩	to quantify the degree of entanglement in between. 

5. Apply the operator M, on the two copies of the qubits |𝑏𝑏𝑏𝑏⟩ and estimate P0011 and 
P1100 to quantify the concurrence value C and estimate the P0000 and P1111 , where 
P0000, P0011, P1100 and P1111 in are the probabilities of the states |0000ñ, |0011ñ, |1100ñ 
and |1111ñ, respectively. 

(i) If 𝑃𝑃**** > 𝑃𝑃++++ then 𝑈𝑈! ∈ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐	label	𝑑𝑑+, 

𝑑𝑑+ =
2"

2 (1 −
E1 − 𝐶𝐶# 

a) If 𝑑𝑑+ = 0	𝑡𝑡ℎ𝑒𝑒𝑒𝑒	𝑈𝑈!	𝑖𝑖𝑖𝑖	𝑡𝑡ℎ𝑒𝑒	𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐	𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓	𝑓𝑓(𝑥𝑥+, 𝑥𝑥#, … , 𝑥𝑥") = 0 
𝑏𝑏)	𝐼𝐼𝐼𝐼	𝑑𝑑+ =

#!

#
	𝑡𝑡ℎ𝑒𝑒𝑒𝑒	𝑈𝑈!	𝑖𝑖𝑖𝑖	𝑎𝑎	𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏	𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓  

𝑐𝑐)	𝐼𝐼𝐼𝐼	0 < 𝑑𝑑+	𝑎𝑎𝑎𝑎𝑎𝑎	𝑑𝑑+ ≠
-
#
	𝑡𝑡ℎ𝑒𝑒𝑒𝑒	𝑈𝑈! ∈ the	class	label	𝑑𝑑+.  

(ii) If 𝑃𝑃**** < 𝑃𝑃++++ then 𝑈𝑈! ∈ the	𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐	label	𝑑𝑑+, 

𝑑𝑑+ =
2"

2 (1 +
E1 − 𝐶𝐶#) 

a) If 𝑑𝑑+ = 2", 𝑡𝑡ℎ𝑒𝑒𝑒𝑒	𝑈𝑈!	𝑖𝑖𝑖𝑖	𝑡𝑡ℎ𝑒𝑒	𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐	𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓	𝑓𝑓(𝑥𝑥+, 𝑥𝑥#, … , 𝑥𝑥") = 1 
𝑏𝑏)	𝐼𝐼𝐼𝐼	𝑑𝑑+ =

#!

#
	𝑡𝑡ℎ𝑒𝑒𝑒𝑒	𝑈𝑈!	𝑖𝑖𝑖𝑖	𝑎𝑎	𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏	𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓  

𝑐𝑐)	𝐼𝐼𝐼𝐼	0 < 𝑑𝑑+	𝑎𝑎𝑎𝑎𝑎𝑎	𝑑𝑑+ ≠
#!

#
	𝑡𝑡ℎ𝑒𝑒𝑒𝑒	𝑈𝑈! ∈ the	class	label	𝑑𝑑+.  

	
3. The Proposed Decoding Protocol of a Teleported Multivariate function 
Assume that Alice needs to distribute some key with Bob. Alice and Bob agreed in 

between to use a function which has included in one of 2n class label. This agreement is 
hidden from Eve. Alice and Bob’s goals are to determine which class label of the function 
chosen by Alice without revealing information about the function to Eve. Hence, Alice needs 
to teleport 𝑈𝑈! via the qubit |𝑡𝑡⟩ 

to Bob. Bob needs to figure out the class label 𝑑𝑑+ of the multivariate function which is 
teleported via the quantum channel by Alice using the Extended Deutsch-Jozsa algorithm 
which is explained in Section 2.1. 

To achieve this purpose, Alice and Bob can teleport and decode arbitrary multivariate 
Boolean function adopting the following proposed protocol: 

1. Register preparation: initialize the two quantum registers as a tensor product of the 
register |𝜒𝜒⟩ = |0⟩⊗", an ancillary qubit |𝑏𝑏⟩ = |0⟩, and two ancillary qubits |0.0/, as follows 

|𝜁𝜁*0+⟩ = 	 |𝜒𝜒⟩⊗ |𝑏𝑏⟩ ⊗ |0.0/⟩ = |0⟩⊗" ⊗ |0⟩⊗ |0.0/⟩ 
where the subscript A refers to Alice’s qubit and the subscript B refers to Bob’s qubit. 

These two qubits are used to create the quantum teleportation channel between Alice and 
Bob in the next two steps as explained in Section 2.1. 

|𝜁𝜁+0+⟩ = (𝐼𝐼⊗"1+⊗ H⊗ I|𝜁𝜁+⟩ 
ii. |𝜁𝜁#0+⟩ = 	 (𝐼𝐼⊗"1+⊗ CNOT|𝜁𝜁#⟩ 
2. Alice processing: 
(a) |𝜁𝜁20+⟩ = 	 (𝐻𝐻⊗" ⊗ 𝐼𝐼⊗2)|𝜒𝜒⟩|b⟩ ⊗ |*#*$⟩1|+#+$⟩

√#
 

(b) |𝜁𝜁60+⟩ = 	 (𝑈𝑈! ⊗ 𝐼𝐼⊗#)|𝜒𝜒⟩|b⟩⊗ |*#*$⟩1|+#+$⟩

√#
, where the action of an Oracle 𝑈𝑈! on the 

first n + 1 qubits is 𝑈𝑈!|𝑥𝑥+, 𝑥𝑥#, … , 𝑥𝑥"𝑥𝑥"1+⟩ = |𝑥𝑥+, 𝑥𝑥#, … , 𝑥𝑥", (𝑥𝑥+, 𝑥𝑥# …𝑥𝑥" + 𝑥𝑥"1+)𝑚𝑚𝑚𝑚𝑚𝑚2⟩. It 
should be noted that the qubit which has index n+1 is the qubit which is labeled |b⟩. 

(c) Teleportation operation: Alice teleports the qubit |b⟩ to Bob using teleportation protocol 
(see Section 2.1), in the next three steps as follows:  

i. |𝜁𝜁70+⟩ = (𝐻𝐻⊗"1+⊗ 𝐼𝐼⊗#|𝜁𝜁6` Remark: in the above step, the Hadmard gate is applied to 
the first n+1 of the system |𝜁𝜁6⟩ not to the qubit |𝑏𝑏⟩ only, because the qubit |𝑏𝑏⟩ is entangled 
with the first n + 1 qubits due to the effect of an Oracle 𝑈𝑈!. 

ii. |𝜁𝜁80+⟩ = (I⊗"⊗ CNOT⊗ I|𝜁𝜁7⟩. 
Alice perform measurement process on the two qubits which have the indices 1 and n + 

2 in the quantum system have the state defined by |𝜁𝜁8⟩. Then, she sends the classical 
message msg which contains the measurement result to Bob. 

iv. Alice repeats steps 1-2 to teleport another copy of the state |𝜁𝜁80#⟩ to Bob. 
Bob processing: After Bob receives the classical message, msg, from Alice, he applies I 

gate, X gate, Z gate or XZ gate upon the content of the message msg is 00, 01, 10 or 11, 
respectively, on his qubit, then system is transformed to the state |𝜁𝜁90+⟩. Then, 

Bob adds another qubit |𝑛𝑛⟩ = |0⟩ to the system, |𝜁𝜁:0+⟩ = |𝜁𝜁90+⟩ ⊗ |0⟩. 
ii. After that. Bob receives the second copy of the state |𝜁𝜁80+⟩ and transforms it to the state 

|𝜁𝜁:0#⟩. Bob applies the operator Mz to the last four qubits of the state |𝜁𝜁:0+⟩ ⊗ |𝜁𝜁:0#⟩. Then, he 
estimates the probabilities of the states |0000ñ, |0011ñ, |1100ñ and |1111ñ, and 
calculates the concurrence value 𝐶𝐶 = E2(𝑃𝑃**++ + 𝑃𝑃++** 

(I) If 𝑃𝑃**** > 𝑃𝑃++++ then 𝑈𝑈! ∈ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐	label	𝑑𝑑+,  
𝑑𝑑! =

2"

2 (1 + '1 − 𝐶𝐶#) 
a) If 𝑑𝑑! = 0	𝑡𝑡ℎ𝑒𝑒𝑒𝑒	𝑈𝑈$	𝑖𝑖𝑖𝑖	𝑡𝑡ℎ𝑒𝑒	𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐	𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓	𝑓𝑓(𝑥𝑥!, 𝑥𝑥#, … , 𝑥𝑥") = 0 
𝑏𝑏)	𝐼𝐼𝐼𝐼	𝑑𝑑! = #!

#
	𝑡𝑡ℎ𝑒𝑒𝑒𝑒	𝑈𝑈$	𝑖𝑖𝑖𝑖	𝑎𝑎	𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏	𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓  

𝑐𝑐)	𝐼𝐼𝐼𝐼	0 < 𝑑𝑑!	𝑎𝑎𝑎𝑎𝑎𝑎	𝑑𝑑! ≠ %
#
	𝑡𝑡ℎ𝑒𝑒𝑒𝑒	𝑈𝑈$ ∈ the	class	label	𝑑𝑑!.  

(II) If 𝑃𝑃&&&& < 𝑃𝑃!!!! then 𝑈𝑈$ ∈ the	𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐	label	𝑑𝑑!, 

𝑑𝑑! =
2"

2 (1 + '1 − 𝐶𝐶#) 
a) If 𝑑𝑑! = 2", 𝑡𝑡ℎ𝑒𝑒𝑒𝑒	𝑈𝑈$	𝑖𝑖𝑖𝑖	𝑡𝑡ℎ𝑒𝑒	𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐	𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓	𝑓𝑓(𝑥𝑥!, 𝑥𝑥#, … , 𝑥𝑥") = 1 
𝑏𝑏)	𝐼𝐼𝐼𝐼	𝑑𝑑! = #!

#
	𝑡𝑡ℎ𝑒𝑒𝑒𝑒	𝑈𝑈$	𝑖𝑖𝑖𝑖	𝑎𝑎	𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏	𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓  

𝑐𝑐)	𝐼𝐼𝐼𝐼	0 < 𝑑𝑑!	𝑎𝑎𝑎𝑎𝑎𝑎	𝑑𝑑! ≠ #!

#
	𝑡𝑡ℎ𝑒𝑒𝑒𝑒	𝑈𝑈$ ∈ the	class	label	𝑑𝑑!.  

The quantum circuit of the whole protocol is shown in Fig. 1. The proposed protocol can 
be used to teleport a multivariate Boolean function from Alice and Bob and is decoded by 
Bob. Fig. 2 compares the number of class that can be decoded by Bob using the original 
Deutsch-Jozsa algorithm and the proposed protocol upon EDJ algorithm. This figure shows 
that the number of classes in increased exponentially as a function in the number of variables 
in case EDJ algorithm compared to original Deutsch-Jozsa which classifies only two classes 
(constant and balanced classes).  

Hence, upon the proposed protocol, Alice and Bob can share 2n keys in between instead 
of only two keys using Detsch-Jozsa algorithm (Zidan, M., 2020). Moreover, has been 
indicated that the complexity of EDJ algorithm is polynomial time On IBM’s quantum 
computer compared with classical algorithms which solve the same problem in exponential 
time indicating that the proposed algorithm is faster in contrast with traditional computers. 

Finally, the proposed protocol open the door for cloud quantum computing and for 
proposing set of robust encryption protocols that can use 2n keys. 

 
Conclusion 
In this work, we proposed a novel protocol to decode the class of a teleported multivariate 

Boolean function, among 2n classes based on the Extended Deutsch-Jozsa algorithm that 
was proposed upon a novel model of quantum computing. The proposed protocol finds the 
class of the teleported function based on the degree of entanglement according between 
two extra qubits. 

This problem can not be implemented on traditional computers, where teleportation of the 
qubits can not be achieved on classical systems. Our findings may have potential 
applications in encryption protocols that can use 2n keys. In addition, it can be used to 
perform cloud quantum computing.  
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𝑑𝑑! =
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	𝑡𝑡ℎ𝑒𝑒𝑒𝑒	𝑈𝑈$ ∈ the	class	label	𝑑𝑑!.  
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be used to teleport a multivariate Boolean function from Alice and Bob and is decoded by 
Bob. Fig. 2 compares the number of class that can be decoded by Bob using the original 
Deutsch-Jozsa algorithm and the proposed protocol upon EDJ algorithm. This figure shows 
that the number of classes in increased exponentially as a function in the number of variables 
in case EDJ algorithm compared to original Deutsch-Jozsa which classifies only two classes 
(constant and balanced classes).  

Hence, upon the proposed protocol, Alice and Bob can share 2n keys in between instead 
of only two keys using Detsch-Jozsa algorithm (Zidan, M., 2020). Moreover, has been 
indicated that the complexity of EDJ algorithm is polynomial time On IBM’s quantum 
computer compared with classical algorithms which solve the same problem in exponential 
time indicating that the proposed algorithm is faster in contrast with traditional computers. 

Finally, the proposed protocol open the door for cloud quantum computing and for 
proposing set of robust encryption protocols that can use 2n keys. 
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was proposed upon a novel model of quantum computing. The proposed protocol finds the 
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